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Abstract. It is argued that the difference between the production cross section 
for T = 0, and T = 1 hadronic final states is related to the U(3) @U(3) sym- 
metry breaking. A simple sum rule is derived. Various symmetry breaking 
models are discussed. I t  is found that results from saturation of sum rule with 
vector mesons favour our previously obtained values b = c 2: -1 for the 
U(3) BU(3) symmetry breaking parameters. 

1. Introduction 
It has been recognized quite early that the e+-e- annihilation cross section offers 

a unique opportunity to measure the behaviour of the spectrum function of the 
electromagnetic current (Dooher 1967, Bjorken 1966, Gribov et al. 1967, Sakurai 1969, 
Gatto 1969 and Pais and Treiman 1970). Various behaviours have been associated 
with the energy dependence of the total e+-e- annihilation cross section: 

due to different predictions for the spectrum function p 3 3 ,  pa8 under different models. 
Hence the or pa8(s) by themselves, as derived from e+-e- annihilation, are 
capable of differentiating the current algebra from the field algebra. It is our intention 
to show that the difference - p8'(s) of the spectrum functions offers us a chance 
to determine the U(3)@U(3) symmetry breaking parameters, if the algebra for the 
SU(3) x SU(3) symmetry is agreed upon. 

Specifically let us confine ourselves to the symmetry breaking model which is 
proposed by Gell-Mann (1964) and Gell-Mann et al. (1968). 

# = a?,-s,-cso (1.2) 
where a?, is the U(3)@U(3) invariant term, and So, Sa are the singlet and the eighth 
component of the scalar density. In  $ 2  we are able to derive a sum rule for the 
e +-e- cross sections within the context of equation (1 2) : 

i om 3 
.& 

ds s2( uT= - 3 uT = o ( ~ ) )  = EFZ2mz2 + --- (2, ) 
4 3  

where 

t Work supported in part by National Research Council of Canada. 
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and 

The  quantity (2,) is found to be rather model dependent and is evaluated under 
three different considerations in 9 3: (i) asymptotic SU(3) symmetry; (ii) vector 
meson saturation model and (iii) free quark model. In  5 4 the value ii is calculated 
for different estimates of bc from different authors (Gell-Mann et al. 1968, Okubo and 
Mathur 1970a, 1970b, Mathur et al. 1970, Kamall970 and Lai and Lo 1970, 1971). 
They range widely from 8 = 0.0 to approximately -20, and so presumably it might 
be feasible to differentiate which is the correct one experimentally. If the vector 
mesons are assumed to dominate the spectrum functions, one can get an independent 
estimate of 8. Our calculation shows that it supports the estimate of Lai and Lo 
(1970, 1971) for b = c N -1. 

2. e+-e- cross section, symmetry breaking and sum rule 
In  this section we shall first relate the e +  + e -  total hadronic cross section to the 

spectrum function. Secondly the spectrum function is expressed in terms of com- 
mutation relations using the technique of Bjorken’s limit. Thirdly the commutation 
relation is evaluated in the symmetry breaking model. Combining these three 
together we get a sum rule for the eT-e- cross section, which can be subjected to 
experimental tests. 

The e+-e- cross section for hadron production is given, to the lowest order of 
electromagnetic interaction, by 

The notation we have used is: jUe is the electron current, jUY is the hadronic current 
for electromagnetic interaction 

j ,Y = jP3  + -il( ‘ 8  . 
d 3  

p,,p,are the four momenta of the initial electron and position,p, is the four momentum 
of the final hadron state in), and q = p, and p,. The cross section becomes 

where 

for M ,  ,B = 0, 3, 8, and 

p‘( - 4 2 )  = p33( - 4 2 )  + +pay  - 4 2 ) .  ( 2 . 6 ~ )  
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The tensor L,, has the following properties: 

P&,V = 0 
and 

L,, = 1 I T Z ~  1 0. 

We finally arrive at the formulae for the cross sections 

1 6 ~ ~ 2  ~ - 
cr = ----p ( q ) 

q4 

(2.8b) 

Let us now turn our attention to the consideration of the vacuum expectation value of 
the time ordered product of two vector currents: 

= i d4xexp( -iq.x) (OlT(j,c(x)j,,4(0))10) I 
for X ,  ,8 = 0, 3, 8. Taking the Bjorken's limit qo -+ cc, we get 

4;Rv = - -- d3xexp(-iq .~)(0~[j~~(~),j~(O)~jO)S(x~) 
4 0  'I 
1 

- --/d3xexp(-iq. r )<O~[[ j ,c (~) ,H] j ,o(o)] lo)S(x , )+O - . (2.10) 

Similarly taking the qo -+ CO as limit for the right hand side of the expression (2.9)' 

402 C 3 )  

and identifying the ( l / q o 2 )  term for Atj, where i = j = 1, 2, 3, one obtains 

Jp@(m2) dm2 = d3x(OI[[jla(x), HJji4(0>]\O).  (2.11) 

There is no summation over the index i. We arrive at two model independent equa- 
tions for the cross section oT = and uT = l 

L/ dss2uo,=,(s) = d3x(Ol[[j,3(x), H]j ,3(0)] /0)  1 6ir3a2 I 
167r3a2 s 

(2.12) 

L/ dss2oT=,(s) = d3x(OI[[j?(x), HJj~(0)llO). (2.13) 

T o  proceed further, it is necessary to make some models for the Hamiltonian H. Let 
US take the Hamiltonian first proposed by Gell-Mann (1964) and Gell-Mann et al. 
(1968) 

2 =2()-so-cs, (2.14) 
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where H o  is the U(3) x U(3) invariant term, and So, S, are the singlet and the eighth 
component of the scalar density. The double commutators in equations (2.11) to 
(2.13) can then be evaluated in quark algebra to be 

Kjia(x),  ~ d Y ) l i ? ( O ) J  = - ~ a 0 6 1 z , , € ~ € ~ 3 ( ~ ) ~ 3 ( x - Y ) .  (2.15) 
Then one has 

where the first term is defined by 

The  quantity (2,) will be discussed in more detail in the next section. Let us now 
parameterize the vacuum expectation values (So), (S,) by 

(2.18) 

The absolute magnitude of (So) can be related to physically measurable quantities 
by a sum rule (Mathur and Okubo 1970a, 1970b, Mathur et al. 1970, Kamal 1970, 
Lai and Lo, 1970, 1971, Auvil and Despande 1969 and Kamal 1969) 

(2.19) 

where F,  is the pion decay constant approximately equal to 0.130 GeV. Evaluating 
equation (2.16) with the aid of equations (2.18) and (2.19), one gets 

2 (~~~(4 -p88(m2)) dm2 = - (2, ) + %Fz2mn2 
d 3  

(2.20) 

where 

In the simple case where ( Z , )  = 0 we have a favourable sum rule? 

--LJ dss2(a,=,(s)-3u,,,(s)) = EFn2mz2. 
16r3cr2 

(2.22) 

The difference between the cross sections uT=l- 3u,, gives a direct measure of the 
LT( 3) @U( 3) symmetry breaking parameters b, c. 

3. Estimate of ( Z 8 >  
The value of (Z , )  is quite crucial to the evaluation of our equation (1.3). It is in 

general rather model dependent, and we shall give the estimates of ( Z , )  under three 
different assumptions: (i) the asymptotic su (3 )  symmetry (Das e t  al. 1967a, 1967b); 
(ii) the saturation of the spectrum functions with mesons; (iii) the free quark model. 

t Numerically 16a27r3Fn2mX2 N 3 . 3  nb GeV6 which is not insignificant for e + e -  annihila- 
tion. 
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3.1, Assumption (i) : asymptotic SU( 3) symmetry 
The asymptotic SU(3) symmetry means (Das et al. 1967a, 196710) 

Identifying the (l /qo)2 term, one obtains from equation (2.10) 

s d3x exp( - iq . x) (0 I [ [Jh3(x) ,  H I ,  J,,'(O)] 10 )S(xo) 

= d3xexp(- i q .  x) <Ol[[Ju8(x), H I ,  .J ,8(0)]~0)6(x0)  

at q = 0, one gets 

j p33(m2) dm2 = 1 pB8(m2) dm2 
or 

~ s s ~ ( ~ , = , ( s ) - ~ u , , ~ ( s ) )  = 0. 

The value of (2,) is 

(2,) = -g! tiFn2m,2. (3 .3 )  2 

3.2. Assumption (ii): saturation of the spectrum functions with mesons 
An additional sum is necessary to help us to estimate (2,). It can be derived 

by following essentially the steps (2.9) to (2.10), (2.16) for the axial vector current 
(Auvil and Despande 1969, Kamal 1969) 

1 pau(m2) dm2 = d,,, (2, ) + 1 pAom2 dm2 ( 3  a41 

where p A O  is the pseudoscalar spectrum function. Using the notation of Kroll et al. 
(1967) we have 

j 
p88(m2) = - {cos2 B,md26(m2 - md2) + sin2 B,mm26(m2 - mu2)> etc (3 .5)  

4 f Y 2  
where we saturate the spectrum functions with mesons. We get for a = 3, and 4 

With the equality 
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where, following Sakurai (1969), the K meson's contributions are neglected, one 
obtains 

2 
__ (2, > = ?,FZ2mz2 
d3 

with 
(3.9) 

N -0.9. (3.10) 

Hence ii8 is a small number compared with k, which is evaluated in the next section. 

3.3. Assumption (iii) : fyee quark model 

energy term 

Then (2,) can actually be evaluated to yield 

In  the simple quark model without any interaction is simply the kinetic 

2" = q(vy)q. (3.11) 

where 

(3.12) 

with a, b = 1, 2, 3 as the quark indices and pl,2a(m2) are quark spectrum functions. 
There are two possibilities for the quark spectrum function: ( U )  pla # p l b  for a # b 
(2,) will not vanish but actually diverge. If p l a  are those of bare quarks: 

p i a  N S(nz""2) (3.13) 
and m, = m, # m3 then 

(3.14) 

diverges linearly with k2.  From equation (1.3) one gets 

1 
uT=1(s)- UT=O(S) - (3.15) 

( b )  pll = pI2 = p13. Then we have (Z8b = 0 and the sum rule (equation (2.22)) 

S2' 

holds. 

4. Numerical estimates of - 
Various authors (Gell-NIann et al. 1968, Mathur and Okubo 1970a, 1970b, 

Mathur et al. 1970, Kamal 1970, Lai and Lo 1970, 1971) have assigned quite different 
values to b and c. We shall try to calculate ii from some of them. 

(i) The Gell-Mann-Oakes-Renner estimate: they have set b N 0, and c = - 1.23. 
Hence we get 
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(ii) Model A (Lai and Lo 1971): in a previous paper we have solved consistently 
sum rules involving pseudoscalar mesons. The pseudoscalar mesons are taken to be 
eigenstates of the quark pseudoscalar density. The result is 

b = c 2: -0.97 

N -18.6. 

(iii) Model B (Lai and Lo 1970): this is a variant of model A. All the assumptions 
are the same as in model A except that the pseudoscalar mesons are taken to be the 
eigenstates of the axial vector currents. Then we have 

and hence 

The sum rule becomes 
1 *m 

bc 
b+c = -- 

2 

cc = 0. 

I t  should be reminded that the values b, c in this model do not fit 
favoured by Okubo and Mathur (1970a). 

(4.3) 

(4.4) 

(4.5) 

into the groups 

(iv) Saiuration of spectrum function' with vector mesons: if the spectrum function 
sum rules can be saturated with vector mesons, one has a different way of evaluating a 
quite independently of the values b, c. Substituting equation (3.5) in equation (2.20), 
and together with equation (3.9), one gets 

E =  
mn2 Fn2f a cos2 0,md,2 -t sin2 @,ma2 

It can be estimated by the experimentally determined quantities (Perez-y-Jorba 
1969) 

8, = 41.5" JR-  _ -  - 2.0 
4n 

67, = 0.130 GeV 

mp2 = 0.599 GeV2 

to be 

E %  -21. 

It is remarkable that this value comes close to the value obtained in model A. Hence 
the vector meson dominance model strongly supports the symmetry breaking values 
found in model A. 

T o  summarize the results in $ 5  3 and 4, we present various estimates in table 1. 
The  last column contains the measurable quantities. The values from different 
models are sufficiently divergent that one may be able to differentiate between them 
experimentally. 
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Table 1 

(i) 

(ii) 

(iii) 

(9 
(ii) 

(iii) 

Model 

Asymptotic SU(3) 
symmetry 
Saturation of vector 
meson dominance 
Free quark model 

(4 
(b) 

Gell-Mann-Oakes- 
Renner 
Model A 
Model B 

-0.93 -21 

- 7.6 
- -18.6 

0 

- 

- 

0 

-21.8 

- 
as 

-,7*6t 
-18.6t 

O t  

It is evaluated together with the value ti8 = 0. 

5. Concluding remarks 
(i) We hope we have demonstrated that the measurement of the difference of 

oTS1 and oIs=o offers a good method of determining the U(3)xU(3)  symmetry 
breaking effects. We have only considered the symmetry breaking type of 
(3, 3*)@(3", 3). If the type (1, 8)@(8, 1) also exists, it could easily be incorporated 
in equations (2.12) and (2.13), by adding an additional term to the Hamiltonian in 
equation (1 2).  

(ii) We do not know how rapidly the integral of the sum rule (1.3) converges, 
However, if the integral actually diverges, it should be noticed quite early, and the 
theoretical significance is rather interesting as discussed at the end of 4 3. 

(iii) The saturation of vector mesons of the spectrum function gives support to 
the values b = c N - 1 for the symmetry breaking parameters. These are the pre- 
ferred values of our calculations from quite different considerations (Lai and Lo 1970, 
1971). 

(iv) The separation of the e+e-  annihilation cross section into or=l and ur=o is 
not so difficult for some cases, for example, the or=i contains mi-, x+, xw, qp,  Xp etc, 
and or = contains prr, wq, 4.1 etc, as their final states respectively. 

In  most cases the separation is difficult and one may have to reconcile oneself to 
some more delicate procedures to separate 0 1  = and oI = ,, such as suggested by Pais and 
Treiman (1970). 

(iv) Finally, we wish to point out that the sum rule (1.3) is obtained through the 
use of the full chiral U(6) @U(6) algebra of current densities. 
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